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Note: Notation and terminology are understood to be as used in class. State
clearly the results you are using in your answers.

1. (15 marks ) Let (€, F, ) be a Boolean measure space; let p* denote
the corresponding outer measure. Show that p* is countably subaddi-
tive.

2. (15 marks ) Let L* denote the Lebesgue outer measure on the class of
all subscts of R. Show that L*(A +a) = L*(A) forall ACR, a € R.

3. (15410 = 25 marks ) (i) Let (Q2, B, ) be a measure space with u(Q) <
0. Let {fn(-)} be a sequence of real valued integrable functions such
that lim,_eo fn(w) = f(w) uniformly over w € Q, for some function
f(-). Show that f(-) is integrable w.r.t. u, and that

/ F)du(w) = im | fa(@)dn().
Q Q

(ii) Can the hypothesis x(Q) < oo in (i) be dropped?

4. (15410 = 25 marks ) (i) Let (2, B, ) be a o-finite measure space. Let
A be a totally finite measure on (€2, B) such that A(E) = [ f(w)dp(w)
for E € B, where f is a nonnegative measurable function. Let g be a
real valued measurable function on €. Show that g is integrable w.r.t.
X if and only if (g.f) is integrable w.r.t. u, and in such a casc

/ g(w)dA(w) = / 9(w) f (W) du(w).
Q Q

(ii) Let X be a rcal valued random variable on a probability space
(Q, B, P) with probability density function fx(-). Show that E(X)
exists if and only if [; |z|fx(2)dz < oo, and in such a case E(X) =
Jgzfx(x)dz < co.




